Abstract. By the Nash-Tognoli theorem, each compact smooth manifold M is diffeomorphic to a nonsingular real algebraic set, called an algebraic model of M . We construct algebraic models X of M with controlled behavior of the group of cohomology classes represented by algebraic subsets of X.
Introduction
A compact smooth (of class C ∞ ) manifold is said to be a boundary if it is diffeomorphic to the boundary of a compact smooth manifold with boundary. By convention, the empty manifold is a boundary. The goal of the present paper is to demonstrate that boundaries play a surprisingly interesting role in real algebraic geometry (cf. [4, Theorem 1.4] for the first result of this kind).
All real algebraic varieties in this paper are assumed to be affine (that is, isomorphic to an algebraic subset of R n for some n). For background material on real algebraic geometry the reader may consult [2] . Every real algebraic variety carries also the Euclidean topology, induced by the usual metric topology on R. Unless explicitly stated otherwise, all topological notions related to real algebraic varieties will refer to the Euclidean topology.
Given a compact nonsingular real algebraic variety X, we denote by H alg d (X, Z/2) the subgroup of H d (X, Z/2) of homology classes represented by d-dimensional algebraic subsets of X; cf. [1, 2, 3, 5] . For technical reasons it is more convenient to work with cohomology groups. We set
is the Poincaré duality isomorphism. The groups H c alg (−, Z/2) are of fundamental interest in real algebraic geometry and will also be in the center of our attention here. Their basic properties and applications are surveyed in [3] .
Let M be a compact smooth manifold of dimension m. 
Here, as usual, , stands for scalar product (Kronecker index). If there is no 
If M is another smooth manifold and if
is a collection of smooth submanifolds of M . The collection ϕ * F is admissible, provided F is admissible. 
Theorem 1.2. Let X be a compact nonsingular real algebraic variety and let F be an admissible collection of smooth submanifolds of X. If
for all nonnegative integers k.
Theorem 1.3 is useful for constructing examples such that H
Indeed, suppose n ≥ 2, since for n = 1 the assertion is void. Choose n − 1 distinct points p 1 , . . . , p n−1 in S 1 and set
. . , N n−1 } is an admissible collection of smooth submanifolds of T n . Moreover, codim T n N = i and N i is a boundary for 1 ≤ i ≤ n − 1. Hence the assertion follows from Theorem 1.3. Theorems 1.2 and 1.3 will be proved in the next section.
Proofs
As usual, the ith Stiefel-Whitney class of a smooth manifold M will be denoted by w i (M ). Given a smooth submanifold N of M , we set
Henceforth, both the homology class [N ] M and cohomology class [N ]
M will be used. Basic properties of the products , , ∩, ∪ familiar from algebraic topology [6] will be used without further explanation.
Lemma 2.1. Let M be a compact smooth manifold and let N be a k-dimensional smooth submanifold of M . If the normal vector bundle of N in M is trivial, then the following conditions are equivalent:
(a) N is a boundary,
Proof. Let e : N → M be the inclusion map. Then 
which completes the proof in view of Lemma 2.1.
The proof of Theorem 1.3 requires further preparations. Given a smooth manifold P , let N * (P ) denote the unoriented bordism group of P ; cf. [7] . The following fundamental result will play a crucial role. 
for all nonnegative integers i 1 , . . . , i r with
Reference for the proof. [7, (17.3) ].
If W is a nonsingular real algebraic variety, then a bordism class in N * (W ) is said to be algebraic if it can be represented by a regular map h : Y → W , where Y is a compact nonsingular real algebraic variety.
We will also make use of a certain construction from real algebraic geometry. Let X be a compact nonsingular real algebraic variety. Define Alg l (X) to be the subset of H l (X, Z/2) that consists of all elements v for which there exist a compact irreducible nonsingular real algebraic variety T (depending on v), two points t 0 and t 1 in T , and a cohomology class
Here given t in T , we let i t : X → X × T denote the map defined by i t (x) = (x, t) for all x in X. For properties and an alternative definition of Alg l (−), the reader may refer to [10, 11] . Below we will need the following facts. The set Alg l (X) is a subgroup of H l alg (X, Z/2), which has the expected functorial property: if f : X → Y is a regular map between compact nonsingular real algebraic varieties, then the induced homomorphism f 
